Abstract: This paper investigates the pinning control strategy of BA scale-free network through numerical analysis. A new cost function is defined to measure the cost of pinning control. Compared with the control gain and the cost of pinning nodes with smallest degree or biggest degree, an interesting result is that a smaller control gain and a lower cost are achieved by using the control scheme of pinning nodes with smallest degree. Moreover, there is a minimal control cost by pinning nodes with smallest degree and biggest degree, respectively. The number of controllers by pinning nodes with smallest degree is considered finally.
Introduction
There are many large-scale systems in nature and human societies which can be described by networks where nodes represent individuals in the system and edges represent the connection or interplay among the nodes [1] [2] [3] [4] [5] . More researchers crossing many fields of science, including physics, chemistry, biology, and mathematics are engaged in complex networks in recent years. There are more researches on controlling the dynamics of a network to a desired state such as an equilibrium state or a periodic orbit of the network. An efficient method for control, stabilization and synchronization of complex networks is pinning control [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , by which only a fraction of nodes or even a single node is controlled to steer the whole network. With feedback controller, the only problem is which nodes should be controlled. It has many studies focused on this problem [6] [7] [8] [9] [10] [11] and the nodes with high degree are usually selected to be controlled with larger control gain. When considering the control cost [18] , however, the nodes with smaller degree should be pinned, in which the control cost is defined as sum of feedback gain times coupling strength of the network.
In this paper, the control strategy of pinning the nodes with smallest degree and biggest degree is analyzed with the eigenvalue of controlled network, respectively. From this analysis, for a fixed network, the nodes with smallest degree should be chose to be controlled in the pinning control strategy. Furthermore, a new control cost function is defined to measure the cost of pinning control. Comparing with the control cost between pinning nodes with smallest degree and biggest degree, it shows pinning nodes with smallest degree are more effectively than pinning nodes with biggest degree. Moreover, there is a minimal control cost under pinning nodes with smallest degree and biggest degree, respectively. That is, there is an optimal control gain when pinning "smallest" nodes or "biggest" nodes. Finally, we investigate the number of controllers by pinning nodes with smallest degree by numerical simulation.
Pinning control
Suppose that an undirected and unweighted complex network consists of N identical linearly and diffusively coupled nodes with each node being an n -dimensional dynamical system. The state equations of this dynamical network are given by 1 ( ) , 1, 2, , , A is semi-negative definite with zero eigenvalue of multiplicity one.
Suppose that we want to stabilize network (1) onto an equilibrium state defined by 12 , ( ) 0.
To achieve the goal (3), we apply the pinning control strategy on a small fraction of the nodes in network (1). Without loss of generality, we rearrange the order of the nodes in the network, and let the first l nodes be controlled. Thus, the pinning controlled network can be described as
where ( ), 1, 2, , , 
Pinning strategy
Two well-known strategy of pinning control schemes are randomly and specifically pinning. As discussed in Ref. [6] [7] [8] [9] [10] [11] , controllers are generally preferred to be added to nodes with larger degrees. However, it is also known that under such pinning schemes, the feedback gains i d usually have to be relatively large. From the viewpoint of realistic applications, using large control gains is not expected and sometimes cannot be realized. Practically, a designed control strategy should be effective and also easily implementable. Inspired by Ref. [18] and Ref. [21] , we introduce a new concept of cost function to evaluate the efficiency of our designed control scheme.
Definition ( 
where || ||  represents the Euclid norm. According to the Lemma, for a fixed network or a fixed coupling strength c , our aim is to select controlled nodes and make 
Control cost and controller number
The control cost versus control gain is simulated in Fig.5 and Fig.6 with controlling the "biggest" node and all "smallest" nodes, respectively. According to the two figures, it shows that the control cost decreases rapidly at first, then reaches a minimal value and increases slowly with the increase of control gains at last. The critical control gain corresponding to the minimal control cost can be chosen as the optimal control gain in the sense of consumed energy. The optimal control gain and minimal control cost are 240 and 1.5385*10^6 in Fig.5, 11 and 0.6414*10^6 in Fig.6 , respectively. As shown above, the control scheme of pinning nodes with smallest degrees can be much more efficient than that of pinning nodes with biggest degrees. However, because the number of nodes with smallest degrees in a network is often large, the number of controllers to be applied should also be large if all these nodes are controlled. Thus, when pinning a complex networks with fixed coupling strength and control gain, research on the number of controllers by pinning smallest nodes is interesting and valuable. 8) is satisfied, which means we can steer the whole network to its equilibrium state by only pinning 5 nodes with smallest degree. In Fig.8 , we show the process of controlling 5 "smallest" nodes of degree 3 based on controlled network system (4) of Chen oscillators with controller (5) when 5, 20 dc  . It is shown that the network is quickly steered to its equilibrium state just in 1 time step.
Conclusion
In this paper, pinning control for BA scale-free networks has been further investigated. According to the eigenvalue analysis, an interesting result is that controlling the nodes with smallest degree is more effectively than controlling the biggest ones. Furthermore, we define a new control cost function to evaluate the efficiency of control each scheme. According to the simulation of control cost function, we also see pinning nodes with smallest degree is more efficiency that pinning biggest ones. Moreover, the control cost function has minimum value by pinning smallest nodes and biggest nodes, respectively. In the end, the number of controllers by pinning smallest degree nodes is investigated which shows we should not pin every node with smallest degree in practice. 
